The objective of assembly line balancing (ALB) is to minimize the number of workstations organized to perform tasks with precedence constraints. An important element of proper assignment of tasks to workstations is the consideration of skill requirement of tasks, and skill level of workers. Some tasks may require special skills, some workers might not be able to perform complicated tasks, and some workers might be specialized for specific tasks.
Introduction
Assembly line balancing (ALB) problems occur where several indivisible work elements (tasks) are to be grouped into (work)stations along a continuous production line. Workers may work at each station, and in case of efficient allocation of tasks to workstations, the number of workers and consequently the cost of operation can be decreased. ALB problems are typical for example in automobile, in bicycle and in electronic industry (assembling refrigerators, televisions, etc.), but the operation of some service systems is also very similar to assembly line operations [3, 10] .
Tasks cannot be allocated to the stations arbitrarily. Cycle time constraints, precedence relations -generally visualized by a precedence graph -, zoning conditions, technological and logical requirements may influence the optimal assignment. Even considering these restrictions many feasible solutions may exist for the allocation of tasks to stations and optimization models can be used to find the best task assignment. The assembly line problem is NP hard; therefore, a considerable amount of research effort is made to reduce the computation work. As a consequence of the development of computer and information technology, however, even large ALB problems can be solved in a reasonable time frame.
Early research in this area focused on the simple assembly line balancing problem (SALBP) with its restrictive characteristics such as deterministic task times, no assignment restrictions other than the precedence constraints, serial line layout, etc [2, 10] . Extended forms of the SALBP consider for example the possibility of U-shaped lines, parallel stations, and stochastic task times. These models are referred in the literature as general assembly line balancing problems (GALBP). GALBPs may be closer to practical problems; however, their solution procedures, in most cases, are based on SALBP algorithms [10] . Depending on the management objective of assembly line balancing the two most frequently used versions of SALBPs are the following, -When management objective is related to operating cost reduction the ALB model minimizes the number of workstations (workers) for a given cycle time. The related problems are referred in the literature as SALBP-1.
-When management objective is related to production quantity the ALB model minimizes the cycle time for a given number of workstation. The related problems are referred in the literature as SALBP-2.
SALBPs can be formulated as mathematical programming models. The first analytical formulation of ALB was given by Bryton [5] and the first linear programming problem that might have infeasible solutions because of split tasks was given by Salveson [9] . Bowman was the first to suggest integer programming (IP) models to solve the classical ALB problem [4] . White modified Bowman's IP model and defined 0-1 decision variables for the problem [12] . Since ALB models are NP hard the research focused on reducing the number of variables and constraints in order to reduce the complexity of the models (see for example [1, 10, 11] ).
Today mathematical programming models of practical size ALB problems can be solved by optimization software very efficiently. Therefore, the focus of research should be shifted to practice driven model formulation and to the investigation of new areas of application [3] . In this paper we try to make the ALB problem more attractive to practical applications by showing how skill constraints of workers can be considered.
There are very few papers which are dedicated to the consideration of workforce skill in assembly line modeling. Most papers add some work force skill constraints when a special practical case is solved. For example, Corominas et al. [6] model temporary and permanent workers in a motor-cycle assembly process, and these two worker groups are able to perform different set of tasks. Johnson [7] considers some very simple skill constraints in a paper dedicated mostly to some mathematical questions of the optimization process. There is no paper, however, which generalizes skill constraints and provides method to formulate skill conditions routinely for practical situations The paper is structured as follows. First, formulation of the basic ALB models used in the paper is provided. Next, skill constraints are generalized and the mathematical description of the different simple skill conditions is given. The analyses suggested in the paper are illustrated with a small sample problem, and the effect of the different skill constraint types is analyzed.
Formulation of the basic ALB problems
Notation used in the paper is summarized in Tab. 1. Tasks are numbered in increasing order. The number i assigned to a task is called the task index. We refer to a task either by its name or by its task index. The index set of all tasks is denoted by O. Those tasks which are not succeeded by any other task are called last tasks. The index set of last tasks is denoted by L.
Workstations are also numbered in increasing order. The first workstation is numbered 1 and the last workstation is numbered N . The number j assigned to a workstation is called the workstation index. Workstations are referred in the paper by the workstation index. An assumption must be made about the possible number of stations prior to task assignment. The number of stations used in the model is J . That is, J is the number of stations used in the mathematical model, and N is the number of stations used in the actual line.
In this paper we use the following integer linear programming formulation of SALBP-1,
J j=1
The objective of the model is to minimize the number of stations used in the actual system; that is, to minimize the largest index belonging to a station with task assignment. The right-handside of constraint (5) determines the index of those workstations which perform last tasks. The highest such index must be minimized. If each of these indices is smaller than or equal to N , and N is minimized, then the index of the final workstation, and consequently the number of workstations, is minimized. Cycle time constraints are expressed by constraints (2) . For each workstation the sum of task times of the assigned tasks is not allowed to exceed the cycle time. As a consequence of constraints (3) each task is assigned to one of the workstations. Constraints (4) express the precedence constraints. If task p must be performed before task q, the difference in the bracket is equal to -1, 0 or 1 for each workstation. Since task pmust be assigned to an earlier or to the same workstation as task q; the weighted sum of these differences is always greater than or equal to 0, if the weights are the indices of the corresponding workstations.
Finally the number of variables is reduced by constraints (6). Some tasks can not be assigned to very early workstations because of preceding tasks. The earliest workstations which can be used by task i is determined by LJ i . LJ i is a lower limit of the feasible station indices of task i, and its value is calculated as follows,
where x is the smallest integer value not smaller than x.
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Tab. 1. Summary of notation
Indices: 
Sets:
O = index set of all tasks, L = set of final tasks, that is, i ∈ L if task i does not precede any other tasks, P i = index set of those tasks which must be finished before task i is started, S i = index set of those tasks which can not be started before task i is finished, S = index set of special tasks, S = index set of non-special tasks (complementary set of S).
Decision variables:
x i j = 0 − 1 decision variable; if x i j = 1, then task i is assigned to station j, otherwise x i j = 0, l j = 0 − 1 decision variable; if l j = 1, then low skilled worker is applied at workstation j, otherwise l j = 0, h j = 0 − 1 decision variable; if h j = 1, then high skilled worker is applied at workstation j, otherwise h j = 0, e j = 0 − 1 decision variable; if e j = 1, then special worker is applied at workstation j, otherwise e j = 0.
Some tasks can not be assigned to very late workstations because of succeeding tasks. The latest workstation which can be used by task i is determined by UJ i . UJ i is an upper limit of the feasible station indices of task i, and its value is calculated as follows,
(1)- (8) is a linear programming model with one integer and several 0-1 variables. The required number of variables can be determined using the LJ i and UJ i value with the following formula,
We note that model (1)- (8) is slightly different from the models used in the literature. Most models formulate the problem for a single last task, that is, only one index belongs to L (see for example [11] ). If several final tasks exist (see the following sample problem) then a dummy task is used which directly succeeds the real final tasks. This dummy task increases the number of 0-1 variables; because in that case I +1 task must be assigned to J workstations. In formulation (1) to (8), however, instead of the dummy task, the index of the final workstation is used. This way only one new integer variable (variable N ) is required. SALBP-2 minimizes the cycle time for a given number of workstations (N ), that is, the objective function is as follows,
Cycle time constraint (2), constraints for the performance of each operation (3) and precedence constraints (4) are the same as in SALBP-1. That is, SALBP-2 is determined by objective function (10) and constraints (2)-(4). The limit on the number of variables in this case can be determined by using an estimate of the upper bound of the cycle time (UB(T c )).
The earliest workstations which can be used by task i is now the following,
The latest workstation which can be used by task i is now cal-culated as follows,
Consequently SALBM-1 is defined by constraints (1)- (8) and SALBM-2 is defined by constraints (2)- (4), (6) and (10)- (12) . These models are summarized in the first row of Table 2 .
In the following sections the basic SALBP-1 and SALBP-2 models will be completed with constraints expressing work force skill requirements.
Consideration of workforce skill
Frequently, a set of tasks performed at an assembly line require special skills of workers, and a set of workers working at an assembly line may have special or limited skills. This must be considered when tasks are assigned to workstations. It is assumed, that S is the index set of special tasks. This subset of tasks has special characteristics. Those set of tasks, which does not have this characteristics is the complementary set of special tasks. The index set of this complementary set of tasks is denoted by S. The index set of all tasks and the index set of special tasks relates as follows,
In this section, three types of worker skill requirement will be examined.
-A limited number of low skilled workers must be applied at the assembly line. We call the constraints describing this situation low skill constraints (LSC). It is assumed, that two types of workers are applied. Regular workers are able to perform any operations, and low skilled workers are able to perform only the special operations. In this case, set S contains the index set of those tasks which can be performed by low skilled workers.
-A limited number of tasks require high skilled workers. We call the constraints describing this situation high skill constraints (HSC). It is assumed, that two types of workers are applied. High skilled workers are able to perform any tasks, but regular workers are not able to perform special tasks. In this case, set S contains the index set of those tasks which can be performed only by high skilled workers.
-A limited number of tasks can be performed only by special workers. We call the constraints describing this situation exclusive skill constraints (ESC). It is assumed, that two types of workers are applied. Special workers are able to perform only the special tasks, and regular workers are able to perform only the regular tasks. In this case, set S contains the index set of those tasks which require special skills.
A limited number of low skilled workers must be applied at the assembly line (LSC)
This case is found in practice when there are simple tasks, which do not require any advanced knowledge, and can be performed by any worker. This set of tasks is called special tasks and they belong to set S. The rest of the tasks are regular tasks and belong to S. It is assumed, that a limited number of low skilled workers are already employed, therefore workstations for them must be organized. Assembly line balancing must consider the two following conditions when tasks are assigned to workstations in this case:
1 Only those tasks can be assigned to the workstations of low skilled workers which are elements of S.
2 Any task can be assigned to the workstations of regular workers.
Let binary variable l j indicate which workstation applies low skilled workers, that is
1 if low skilled worker is assigned to workstation j,
If l j is equal to 1, then a low skilled worker is assigned to workstation j. In this case only those tasks can be assigned to workstation j which can be performed by low skilled workers, that is, those tasks, which are elements of S. If l j is equal to 0, then workstation j does not have low skilled workers. Any task can be assigned to this workstation, because regular workers can perform any of the tasks. Conditions for this case are expressed as follows,
where z is a sufficiently high number (higher than J ). If workstation j has any regular task, then the left hand side of (13) is greater than 0, and consequently the right hand side must be higher than 0 as well. This is possible only if l j =0, that is, low skilled workers can not be applied at workstation j. If workstation j has only special tasks, then the left hand side of (13) is equal to 0, and consequently l j can be equal to 0 or 1. In this case low skilled workers and regular workers can be assigned to workstation j as well. Constraints (13) do not determine which workstation with special tasks will have low skilled workers; only exclude the application of low skilled workers from workstations with regular tasks. According to (13) l j can be equal to 1 even if tasks are not assigned to workstation j at all. For example, in SALBM-1 J workstations are assumed when the model is set up, and finally N workstations are applied according to the optimal solution. Consequently, J -N workstations are not applied, and therefore tasks are not assigned to them. In SALBM-2, the minimal cycle time can be obtained by using less than the given number of workstations (N ), consequently workstations without tasks may also occur. The following condition excludes this illogical situation,
According to (14) if tasks are not assigned to workstation j then l j is equal to 0, and consequently low skilled workers can not be applied.
Finally a given number (W ) of low skilled workers must be applied at the assembly line, that is,
A limited number of tasks require high skilled workers (HSC)
This case is found in practice when there are complicated tasks, which require special skills, and can be performed by special, qualified workers. Those tasks which require special skills belong to S. The rest of the tasks do not require special skill and/or special qualification of the workers. These regular tasks belong to S. It is assumed, that there is an upper limit on the skilled workers. Assembly line balancing must consider the two following conditions when tasks are assigned to workstations in this case:
1 Any task can be assigned to the workstations of high skilled workers.
2 Only those tasks can be assigned to the workstations of regular workers, which are not elements of S.
Low skill constraints (LSC) can easily be transformed into high skill constraints (HSC). Special workers in HSC can be considered as regular workers in LSC. There is a lower limit on the special workers in LSC, which can be substituted by an upper limit on the regular workers. This upper limit is the limit on the high skilled workers in HSC. Let 0-1 variable h j indicate which workstation applies high skilled workers, that is If tasks belonging to S are assigned to workstation j, then special worker must be assigned to it, therefore h j must be equal to 1. Workstations without tasks from set S can have special or regular workers. This necessarily mean, that a workstation j with h j =0 can only have tasks belonging to set S. Conditions for this case are expressed as follows, i∈S x i j ≤ zh j , j = 1, . . . , J.
where, z is a sufficiently high number. If workstation j has any special task, then the left hand side of (16) is higher than 0, and consequently the right hand side must be higher than 0 as well. This is possible only if h j =1, that is, special worker is required. If workstation j has only regular tasks, then the left hand side of (16) is equal to 0, and consequently h j can be equal to 0 or 1. In this case high skilled workers or regular workers can be assigned to workstation j. Constraints (16) do not determine which workstation with only regular tasks will have regular workers; only exclude the application of regular workers from workstations with special tasks. According to (16) h j can be equal to 1 even if tasks are not assigned to workstation j at all. For example, in SALBM-1 J workstations are assumed when the model is set up, and finally N workstations are applied according to the optimal solution. Consequently, J -N workstations are not applied, and therefore tasks are not assigned to them. In SALBM-2, the minimal cycle time can be obtained by using less than the given number of workstations (N ), consequently workstations without tasks may also occur. The following conditions exclude this illogical situation,
According to (18) if tasks are not assigned to workstation j then h j is equal to 0, and consequently low skilled workers can not be applied. Limited number of high skilled workers is available at the assembly line, that is,
A limited number of tasks can be performed only by special workers (ESC)
This case is found in practice when there are special tasks, which require special qualification of workers. The workers with the required qualifications can only perform these special tasks. The tasks which require special skills belong to set S. The rest of the tasks do not require special skill and/or special qualification of the workers, however special workers do not perform these tasks. These regular tasks belong to S. Assembly line balancing must consider the two following conditions when tasks are assigned to workstations in this case:
1 Only special tasks can be assigned to the workstations of special workers.
2 Only regular tasks can be assigned to the workstations of regular workers.
Let binary variable e j indicate which workstation applies special workers, that is e j =    1 if special worker is assigned to workstation j, 0 otherwise.
Special and regular tasks can not be mixed on workstations, and we have to know which workstation requires special workers and which workstation requires regular workers.
If e j = 0, then special worker can not be assigned to workstation j, that is,
If e j = 0, than the right hand side of (19) is equal to 0, and consequently the left hand side is also equal to 0. That is, each x i j for i ∈ S is equal to 0 at the corresponding workstation ( j) and consequently, special tasks are not assigned to workstation j. If e j = 1, than regular worker can not be assigned to workstation j, that is,
If e j = 1, than the right hand side of (20) is equal to 0, and consequently the left hand side is also equal to 0. That is, each x i j for i ∈ S is equal to 0 at the corresponding workstation ( j) and consequently, regular tasks are not assigned to workstation j.
If (19) and (20) are simultaneously satisfied, then the different groups of tasks are separated on the workstations, and the proper worker skill is applied. Table 2 summarizes simple assembly line balancing models and the corresponding worker skill constraints. The basic models are presented in the first row of the table. SALBM-1 is an integer linear programming model and it is given in the first column. SALBM-2 is a 0-1 linear programming model and it is given in the second column. Note, that if there is only a single final task in SALBM-1, than the right hand side of (5) can be directly minimized, and consequently there is no need for integer variable N . In this case SALBM-1 is also a 0-1 linear programming model. The workstation index limits (LJ i and UJ i ) are calculated with the (7), (8) and (11), (12) expressions respectively.
Summary of the suggested worker skill models
For SALBM-1, and SALBM-2 the corresponding worker skill constraints are given in the LSC, HSC and ESC rows. Note that the set of special tasks (S) must be defined differently for each constraint type. Set S contains simple tasks for low skilled workers in LSC, contains complicated tasks for high skilled workers in HSC, and finally contains tasks which can be performed exclusively by specialized workers in ESC.
Based on the skill constraints defined in Tab. 2 several skill conditions can be combined in the same model. In practice it is possible, that there are low skilled workers, highly qualified workers, and specialized workers as well, and task assignment to workstations must consider all these three conditions. In this case all three constraint types must be added to the basic assembly line balancing model, and l j , h j and e j are decision variables of the same model. Furthermore S must be defined for each skill constraints.
In practice, frequently complicated combination of the basic skill conditions can be found. For example several skill levels in hierarchically increasing and/or decreasing orders or several set of tasks with exclusive specialist may exist. In these cases a skill level index must be added to set S and to the l j , h j or e j variables, and the set of special tasks must be defined accordingly. In this paper we do not discuss in details these complicated cases. That is the reason of the application of the term "simple skill conditions" in the title of the paper.
Finally, in Tab. 2 skill constraints are added to SALBM-1 and to SALBM-2, that is the number of workstation (line utilization) or the cycle time is minimized. The proposed models can easily incorporate other objective functions which express the different labor cost of differently skilled workers.
Calculation results
To illustrate the performance of the models in Tab. 2 let us consider the example of Bowman [4] . Fig. 1 shows the precedence relations of eight tasks with the corresponding task indices and task times. It can be seen that two final tasks exist, that is,
Fig. 1. Precedence diagram of the sample problem
In case of SALBP-1 the number of workstations must be minimized. It is assumed that the line works in one seven hour shift, that is, the total time available for production (T ) is equal to 25 200 seconds (7 · 60 · 60). The required daily production quantity (Q) is 1260 units, thus the cycle time is equal to 20 seconds (7 · 60 · 60/1260).
The maximum number of workstations necessary for production is equal to the number of tasks (J = 8). In this worst case each task is performed at different workstations, and 64 binary variables (x i j ) and one integer variable (N ) is required. However, by calculating the LJ i and UJ i values for T c = 20 seconds, the number of binary variables can be reduced to 45.
The optimal solution of this sample problem and the effect of several skill constraints on the solution are summarized it Table 3.
The optimum value of the objective function of the SALBM-1 (first model in Table 3) shows that the minimum number of workstations necessary to process the required quantity is 5. The optimal values of the x i j binary variables determine the optimal task assignment. The "Optimal task assignment" section of Table 3 is the translation of the optimal values of the binary decision variables x i j into task assignment. The SALBM-1 row
Tab. 2. Summary of ALB models and constraints

Minimization of workstation number (SALBM-1)
Minimization of cycle time (SALBM-2)
Basic models
Low skill constraints (LSC)
Tab. 3. Summary of calculation results
Models
T c N W
Set
S
Optimal task assignment
shows, that cycle time in the example is 20 seconds and 5 workstations are required. According to the optimal assignment tasks A and B are assigned to the first two workstations, tasks C and F are assigned to the third workstation, task H is alone on the forth workstation, and finally tasks D, E and G are assigned to the fifth workstation. The optimal solution of the SALBM-2 can also be seen in Table 3 (model eight). In this case it is assumed, that the assembly line consists of 5 workstations, and the cycle time is minimized. The optimum value of the objective function is 17, that is, the minimal value of the cycle time is 17 seconds. It can be seen that the optimal task assignment is now slightly different to the optimal solution of the SALBM-1. Table 3 shows the optimal solutions of the basic SALBMs when workforce skill constraints are applied. The first column of the table indicates which constraints are added to the basic models. The "Set S" column lists the special tasks of the problem, and column "W " contains the limit on special workers. The cells with italic letters indicate the workstations with special workers.
In the second model of Table 3 tasks C and G are simple tasks, which can be performed by low skilled workers and at least 1 special worker must be applied. The optimal assignment has changed now compared to the basic model (SALBM-1). One low skilled worker is applied at workstation 3, as indicated by the cell with italic letters of the table. Since task G can be performed by regular workers as well, it is assigned to workstation 4 together with regular tasks. Workforce constraints in this case did not increase the required number of workstations.
In the third model of Table 3 tasks C and G are the simple tasks again, but now at least 2 special workers must be applied. Since there are two special tasks, and two special workers must be applied, the only possible solution is to assign the two special tasks to two different workstations with the two low skilled workers. Optimal assignment shows, that workstation 3 and 5 have special workers, and now, 6 workstations are necessary to produce the required production quantity.
In the fourth model of Table 3 tasks C and G are special tasks for high skilled workers, that is, these tasks can be performed only by the one available special worker. The model has no feasible solution with this condition. The total time of these two tasks is 12 seconds, which is less than the required cycle time (20 seconds), however, precedence constraint and cycle time constraints together impede the assignment of these special tasks to the same workstation. Consequently, with only 1 special worker there is no feasible solution.
With two special workers, however, the problem has feasible solution, as it is indicated by model five. In this case tasks C and G are assigned to two different workstations with the two high skilled workers. Since high skilled workers can perform regular tasks as well workstations 3 and 4 with special workers can have regular tasks, and 5 workstations are necessary to produce the required production quantity.
In the sixth model tasks C and G are special tasks again, but now those workers which are able to perform these tasks can not perform other tasks. In the optimal assignment these tasks are assigned to two different workstations, and the total number of workstations is equal to 6. Note that it would be better to assign these special tasks to the same workstations, but precedence constraints and cycle time constraints exclude this possibility.
If tasks C and F are the special tasks with exclusive constraint, then these tasks can be assigned to the same workstation, as it is shown by model seven in Table 3 .
The second part of Table 3 shows how the results of SALBM-2 changes if workforce skill constraints are added to the basic model. We applied the same skill constraints as before. Each SALBM-2 in the table is solved with five workstations (M=5), consequently, skill constraints influence the optimal cycle time. Table 3 shows, that skill constraints in most cases (models eight, ten, eleven and thirteen) lead to increased cycle time. The most restrictive constraints are found at models ten and thirteen, when cycle time increased to 30 seconds.
Conclusions
In this paper we showed how basic assembly line balancing models can be completed with simple workforce skill constraints. First, the two basic models, that is, the workstation minimization model and the cycle time minimization model are presented. Next, in order to generalize workforce skill constraints we classified the basic cases into three categories. Low skill constraints are applied for simple tasks, high skill constraints are applied for complicated tasks, and exclusive skill constraints are applied for tasks requiring specialists. Finally, skill constraints are formulated and integrated into the basic simple assembly line balancing models.
A simple example is used to show, how skill constraints influence the optimal solution of SALBMs. Since skill constraints impose further restriction, generally the objective function deteriorates compared to the optimal solution of the basic models. It can be concluded, however, that special attention must be given to the design of the manufacturing process. When the grouping possibilities of special tasks are considered in the design phase of the production process, the restrictive effect of skill constraints can be reduced.
Finally, it must be noted, that skill constraints presented in this paper can be further generalized by considering different levels of skill for high, low, and exclusive skill situations. This generalization is not presented in this paper, which explains why we used the term "simple skill constraints" in the paper. The formulation and application of complex skill constraints are topics of further research.
